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Warps

•Warp: disc orbital 
plane varies with 
radius

•Twist: line of nodes 
varies with radius



Warps

•Possible cause: misalignment in system

•Bardeen-Petterson (1975, black hole discs)

•Inclined planet / companion

•Accretion of material with different 
angular momentum



Consequences

•Some extrasolar planets are observed to 
orbit inclined with respect to stellar 
rotation axis

•Was the primordial disc aligned with stellar 
spin? 



Figure S23: Graphical illustration of the dynamical tilting hypothesis for the Kepler-56
system. Note that the sizes are not to scale.
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Basic Question

•How badly does a disc resist warping?

•If it is warped, how long can it stay warped 
without external forcing? 

•Try and come up with a well-controlled 
numerical experiment

•Warped shearing box







•A shearing box in a warped disc 
experiences an oscillating geometry

•Oscillation amplitude 𝜓 (dimensionless 
warp amplitude)

•Ogilvie & Latter (2013a,b)

Local Models
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Figure 1. Top: Example of an untwisted warped disc, viewed
as a collection of tilted rings. As discussed in Section 3, a refer-
ence orbit (red circle) is selected and used to construct a local
Cartesian model of the disc. The local frame (blue box) is cen-
tred on a point that follows the reference orbit, and therefore
experiences a geometry that oscillates at the orbital frequency as
the local orientation of the midplane of the disc tilts back and
forth. The illustrated box corresponds to the local frame at or-
bital phase 0 according to our definitions, and its axes are aligned
with the radius-dependent basis vectors {l,m,n} at this phase
only. In this example the warp amplitude at the reference radius
is |ψ| = 0.5. Bottom: Edge-on view of the warped disc, showing
the local basis vectors.

varies continuously with radius r and possibly with time t.
In fact the motion need not be circular, but we will not con-
sider eccentric warped discs in this paper. We assume that
the time-dependence is slow so that the shape of the warp
can be regarded as fixed on the orbital time-scale. There-
fore the warped disc can be considered as a continuum of
tilted rings (Fig. 1, top). Since astrophysical discs are of
non-zero thickness, this structure can be considered to de-
fine the warped midplane of the disc.

The orbital angular velocity of the warped disc is
Ω(r, t) = Ω(r) l(r, t), where the slowly evolving unit tilt vec-
tor l(r, t) is everywhere normal to the local orbital plane.
The rate of orbital shear is

S = r
∂Ω
∂r

= r
dΩ
dr

l+ rΩ
∂l
∂r

= −qΩ l+ |ψ|Ωm, (1)

where q = −d lnΩ/d ln r is the usual dimensionless rate
of orbital shear, equal to 3

2 for Keplerian orbits, |ψ| =

Figure 2. Edge-on view of discs with untwisted warps of constant
amplitudes |ψ| = 0.01 (top), 0.1, 0.2, 0.5 and 1 (bottom). Each
curve is a logarithmic spiral.

|∂l/∂ ln r| is the dimensionless warp amplitude defined by
Ogilvie (1999), and m is a unit vector parallel to ∂l/∂r and
therefore orthogonal to l. A right-handed orthonormal triad
{l,m,n}, dependent on r and t but not on the orbital phase,
is completed by n = l×m (Fig. 1, bottom). Note that none
of these vectors is normal to the disc, in general.

The simplest type of warp is an ‘untwisted’ warp, by
which we mean that, as in Fig. 1, the variation of the vec-
tors l and m is confined to a plane, while the vector n is
perpendicular to that plane and independent of r. In the
language of celestial mechanics, the longitude of the ascend-
ing node is independent of the semimajor axis. Although for
clarity we choose untwisted warps for the purposes of illus-
tration, our analysis is valid for general, twisted warps. In-
deed, the parameter |ψ| measures the local amplitude of the
warp whether or not it is twisted. A local measure of twist
would involve the second radial derivative of l, for exam-
ple the triple scalar product of l, ∂l/∂ ln r and ∂2l/∂(ln r)2.
(Some authors, however, have used the term ‘twisted disc’
as synonymous with ‘warped disc’.)

The significance of the parameter |ψ| is illustrated in
Fig. 2, where we present an edge-on view of discs with un-
twisted warps corresponding to different values of |ψ|. We
will see in this paper and its companion that a warp of am-
plitude |ψ| = 0.01, which might not be directly observable
even with high-resolution imaging, can nevertheless have im-
portant dynamical consequences.

The large-scale dynamics of a warped disc is gov-
erned by the conservation of mass and angular momentum
(Papaloizou & Pringle 1983; Pringle 1992). The usual aim
of a theory of warped discs is to obtain a system of par-
tial differential equations in r and t that govern the shape
and mass distribution of the disc. For a thin disc in which
the angular momentum is dominated by orbital motion, the
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𝜓 = 0.01

𝜓 = 0.1

𝜓 = 0.2

𝜓 = 0.5

𝜓 = 1



•No warp: velocity only due to shear

•In the presence of a warp, no vertical 
hydrostatic equilibrium

Laminar Flow

Local and global dynamics of warped discs 7

Figure 5. Regions of high (H) and low (L) pressure in the lo-
cal representation of a warped disc, showing how the hydrostatic
vertical pressure gradient leads to a horizontal force that is un-
balanced by gravity (arrows). The xz plane (of unwarped coordi-
nates) is depicted at t = 0, with the dotted line corresponding to
z = 0. These horizontal pressure gradients oscillate at the orbital
frequency as the local geometry tilts back and forth, giving rise
to oscillatory planar motions.

We will interpret the source term on the right-hand side of
equation (43) below.

3.4 Fluxes of mass and angular momentum

In order to connect the local model with the large-scale dy-
namics of the warped disc described in Section 2, we consider
the outward radial fluxes of mass and angular momentum.
The mass flux at the reference radius r0 is

F0 =

! ! 2π

0

⟨ρux⟩h r0 dτ dz′ (45)

(in which ux can be replaced by vx), where the notation
⟨·⟩h denotes local horizontal averaging over the coordinates
x′ and y′ (where necessary), and the z′ integral is over the
entire vertical extent of the disc. The τ integral, which in
the local model is with respect to time, can be interpreted
as an integral with respect to azimuth as the reference point
traverses its orbit. Similarly, the angular-momentum flux in
the local model is (cf. equations 12 and 13)

F0

"

∂h
∂r

#

0

x+ G0 =

! ! 2π

0

$

ρux[r0(uy + 2Ω0x) ez − r0uz ey

−r0Ω0z ex]
%

h
r0 dτ dz

′. (46)

As in equation (12), the first two vectors inside the square
brackets, contributing to the specific angular momentum of
the fluid, involve non-radial motions combined with the long
radial lever arm, while the third expression involves the large
azimuthal motion combined with a vertical lever arm; again,
we choose not to include the larger constant term involving
the large azimuthal motion combined with the long radial
lever arm, which generates the larger flux F0h0. Writing u

and z in terms of v and z′, and using the definition (45) of
F0, we find that the terms proportional to x on each side of
the equation cancel, leaving

G0 =

! ! 2π

0

⟨g0⟩h r0 dτ dz
′, (47)

where

g0 = ρvx(r0vy ez − r0vz ey − r0Ω0z
′ ex) (48)

is the internal torque per unit area. We then recognize the
right-hand side of equation (43) as the scalar product −(g0 ·
S0)/r0, which is the rate at which energy is extracted, per
unit volume, by the torque acting on the orbital shear.

So far we have considered inviscid hydrodynamics. More
generally, there may be shear stresses in the fluid resulting
from viscosity or magnetic fields. In the presence of a sym-
metric stress tensor T, which can also represent the effects
of turbulence or self-gravitation, the torque per unit area is
given by the more general expression

g0

r0
= ρvx(vy ez − vz ey −Ω0z

′ ex)− Txy ez + Txz ey . (49)

In the case of a viscous stress, for example,

Txy = µ[−qΩ0 + (∂′

x + qτ ∂′

y + |ψ| cos τ ∂′

z)vy + ∂′

yvx] (50)

and

Txz = µ[|ψ|Ω0 sin τ +(∂′

x+qτ ∂′

y+ |ψ| cos τ ∂′

z)vz+∂
′

zvx](51)

are the relevant components, where µ is the dynamic viscos-
ity.

Since g0 · l0 = g0z, the vertical component of the torque
is given by

G0 · l0
2πr20

=

&
!

(ρvxvy − Txy) dz
′

'

h,τ

, (52)

where the notation ⟨·⟩h,τ denotes horizontal averaging over
the coordinates x′ and y′ (where necessary) and averaging
over the orbital phase τ . This is easily understood as involv-
ing the radial transport of azimuthal momentum (or verti-
cal angular momentum) by Reynolds and viscous (or other)
stresses.

In computing the horizontal components of the torque
we must bear in mind that the basis vectors ex and ey de-
pend on orbital phase. We make use of a complex notation
and equation (9). Thus

g0 · (m0 + in0) = (g0x + ig0y)e
iτ (53)

and so

G0 · (m0 + in0)
2πr20

=

&

eiτ
!

[ρvx(−Ω0z
′ − ivz) + iTxz] dz

′

'

h,τ

. (54)

The horizontal components of the torque are conveniently
encoded in the real and imaginary parts of this expression.
Not surprisingly, it involves the radial transport of vertical
momentum (or horizontal angular momentum).

It is natural to represent the torque for an isothermal
disc in the form (cf. Ogilvie 1999)

G = −2πΣc2s r
2(Q1 l+Q2|ψ|m+Q3|ψ|n)

= −2πΣc2s r
2

"

Q1 l+Q2r
∂l
∂r

+Q3r l×
∂l
∂r

#

, (55)

where Q1, Q2 and Q3 are dimensionless coefficients and

Σ =

&
!

ρdz′
'

h

(56)

is the horizontally averaged surface density of the disc, which
is independent of τ by virtue of mass conservation. This
representation is just a projection of the torque on to the
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•Laminar flows give rise to internal 
stresses/torques

•Bad news: warp diffuses ử2 times viscous 
time scale

•A possible way out: laminar flows can be 
unstable

Internal Torques



| | = 0.01

↵ = 0.01



•Result: “turbulent” state

•Laminar flow is reduced considerably

•This has consequences for internal 
stresses...

Results
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•Warp diffusion slows down by a factor of 
2-10 due to turbulence

•Reduction more severe for smaller ử

•This will promote warp survival

Results



•From 2D to 3D

•From isothermal to adiabatic

•Interaction with (MHD) turbulence

Open Questions



•It is possible to harness the power of the 
shearing box to study warped discs

•The laminar flows associated with warped 
discs are hydrodynamically unstable

•The resulting “turbulence” can promote 
warp survival

Conclusions


